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Abstract The recently formulated maximum entropy production (MEP) model over land surfaces has
been generalized to water-snow-ice surfaces. Analytical solutions of energy budget in terms of the partition
of surface radiative fluxes into (turbulent and/or conductive) heat fluxes at the earth-atmosphere interface
are derived as functions of surface temperature (e.g., sea surface temperature). The MEP model does not
require data of wind speed, air temperature-humidity, and surface roughness. Test of the MEP model using
observations from several field experiments is encouraging. Potential applications of the proposed model
for understanding long-term trends in surface heat fluxes and for closing global surface energy budget at
the Earth’s atmosphere are suggested.

1. Introduction
Weather and climate are driven by the solar energy that enters the Earth system through its partition into
water vapor (latent heat) and thermal energy (sensible heat) fluxes over the Earth’s surface. Parameteriza-
tion of the energy budget over the Earth’s surface has been the central component of land (ocean) surface
schemes in the coupled land-ocean-atmospheric models. Over the past 50 years, a number of land surface
models (LSMs) of various levels of complexity have been developed for parameterizing heat fluxes, among
other land surface processes, for numerical simulations of regional and global weather and climatic pro-
cesses. Commonly used LSMs include the Biosphere-Atmosphere Transfer Scheme (BATS) [Dickinson et al.,
1986; Yang and Dickinson, 1996], the Community Atmosphere-Biosphere-Land Exchange (CABLE) model
[Kowalczyk et al., 2006; Wang and Bras, 2011], the Community Land Model (CLM) [Dai et al., 2003; Oleson
et al., 2010], the Joint UK Land Environment Simulator (JULES) model [Blyth et al., 2010; Best et al., 2011], the
joint National Centers for Environmental Prediction LSM, Oregon State University LSM, Air Force Weather
Agency and Air Force Research Lab LSM, and the National Weather Services Hydrologic Research Lab LSM
(NOAH) model [Mitchell, 2005; Lemone et al., 2008]. All LSMs use bulk transfer formulas (flux-gradient
methods), i.e., the linear equations relating fluxes to the corresponding scalar-gradients multiplied by
empirical or semiempirical wind speed-dependent transfer coefficients, to parameterize the surface latent
and sensible heat fluxes. A comprehensive and critical evaluation of some 20 LSMs in early 1990s
[Henderson-Sellers et al., 1995] concluded that no single (existing) land surface model is capable of capturing
all features of the surface energy balance under all conditions [Desborough et al., 1996; Henderson-Sellers
et al., 2003]. The situation has not changed 20 years later [Mueller et al., 2011]. Even with the new generation
of LSMs such as BATS, CABLE, CLM, JULES, and NOAH resulting from years of efforts to improve the repre-
sentations of land surface processes, we still face the challenges of modeling energy budget over the Earth
(land, ocean, snow ice) surfaces.

Parameterization of latent heat flux or evaporation has always been a major challenge in the LSMs using the
bulk transfer method. For example, latent heat flux tends to be underestimated and sensible heat flux over-
estimated in the NOAH model [Lemone et al., 2008], while it is often overestimated in the JULES model [Blyth
et al., 2010]. The difficulties of the LSMs in parameterizing the surface fluxes are caused by several limitations
of the bulk transfer method. First, bulk transfer modeled heat fluxes are not constrained by conservation
of energy. Second, the bulk gradient variables (differences between two comparable numbers) are subject
to large measurement errors. Third, uncertainties in the wind spend and/or surface roughness-dependent
transfer coefficients amplify the measurement errors of model input. The bulk transfer model is the only
method for modeling the surface fluxes over oceans [Saunders, 1967; Liu et al., 1979; Fairall et al., 1996a;
Curry et al., 1999; Chou et al., 2003; Large and Yeager, 2009]. It has been well recognized [Kiehl and Trenberth,
1997] that the bulk transfer-based fluxes estimates are strongly affected by the measurement error of
wind speed data. In addition, the measurement errors of temperature and moisture gradients also cause
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modeling error of the bulk transfer-based fluxes. The measurement and modeling errors of the input vari-
ables of the bulk transfer formula lead to substantial uncertainties of the modeled fluxes, especially at
subdaily and regional/global scales using remote sensing observations [Zeng et al., 1998]. Without con-
strains on radiation energy, the bulk transfer-based surface fluxes tend to be underestimated under weak
wind condition and overestimate under strong wind conditions. Violation of conservation of energy is
arguably the primary cause of the inconsistent seasonality of the existing global ocean surface fluxes data
as wind speed negatively correlates with solar radiation at seasonal scales [Moore and Renfrew, 2002]. Fur-
ther improvement of parameterization of energy budget in LSMs takes a radically different approach to
overcome these difficulties.

The recently proposed method based on the theory of maximum entropy production (MEP) provides a
new approach for modeling the surface energy budget. Contrary to the classical bulk transfer models, the
MEP method allows the parameterization of the fluxes satisfying the conservation of energy without using
gradient variables, wind speed, surface roughness, and other empirical parameters in the transfer coef-
ficients. The MEP model of energy budget over the land surfaces [Wang and Bras, 2009, 2011] is the first
moisture-gradient independent evaporation model. The goal of this study is to generalize the MEP model,
originally formulated for land (bare sols and canopy) surfaces, to parameterize evaporation and heat fluxes
over water-snow-ice surfaces. The MEP method is a statistical approach built upon the Bayesian probability
theory for making prediction given incomplete information about any systems [Jaynes and Bretthorst, 2003].
The MEP theory may be understood as an application of the principle of maximum entropy (MaxEnt) first
proposed as a method of assigning probability distributions in statistical mechanics [Jaynes, 1957] and now
known and used as a general inference algorithm. The MaxEnt method has many successful applications
in science and engineering [e.g., Kapur, 1989] including meteorology [Suzuki, 1958; Hayashi, 1981; Verkley
and Lynch, 2009]. The relatively new MEP method [Dewar, 2005, 2013], motivated by an intuitive concept
[Paltridge, 1975] introduced in a climatic study, has been applied to a growing number of subjects [Kleidon
and Lorenz, 2005] including land surface hydrology [Kleidon and Schymanski, 2008] and bioecological sys-
tems [Kleidon et al., 2010; Shipley, 2010]. The formulation of the MEP model of energy budget is described in
Wang and Bras [2009, 2011]. A key step is to formulate a “dissipation function” (or “entropy production func-
tion”) to characterize the fundamental physics underlying evaporation and transport processes. In this paper
we report the formulation and test of the MEP model using in situ observations from field experiments over
a lake, the Pacific Ocean off California coast, snow-covered grassland, and Arctic sea ice sheet.

2. Model Formulation
2.1. Energy Balance Equation Over Water-Snow-Ice Surfaces
In this study, the Earth’s surface is treated as a mathematical surface without volume. Energy balance over
the Earth’s surface is a representation of the conservation of energy, i.e., radiation, turbulent, and conductive
energy fluxes sum to zero. A general expression of the conservation of energy over the Earth’s surface is
written as

Rn + R0 − E − H − Q = 0, (1)

where Rn is the net radiation defined as

Rn ≡ (
Rd

s + Ru
s

)
+
(

Rd
l + Ru

l

) ≡ Rn
s + Rn

l , (2)

where Rd
s is the incoming solar radiative flux, Ru

s the reflected solar flux, R0 the solar radiation entering the
solid or liquid media, Ru

l the emitted long-wave radiative flux from the surface, Rd
l the downward atmo-

spheric long-wave radiative flux, E the latent heat flux (evaporation), H the sensible heat flux into the
atmosphere, and Q is the surface thermal energy flux of the solid/liquid media. Radiative fluxes toward
(away from) the surface are defined as positive (negative), while turbulent and conductive heat fluxes away
from (toward) the surfaces are defined as positive (negative).

Depending on the transparency of the surface to sunlight, a separate energy balance equation of solar radi-
ation may be needed to relate Rn to R0 in equation (1). Since absorption of solar radiation by soils occurs
within a layer of infinitesimal depth on the order of micrometers, soil is considered nontransparent to
sunlight for the purpose of modeling energy budget. Therefore, R0 vanishes over the land surfaces and
equation (1) becomes

Rn = E + H + Q, (3)
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where Q is known as the ground heat flux (often denoted by G in hydrology literature). Since absorption of
solar radiation by water-snow-ice occurs within a layer of finite depth on the order of meters, water-snow-ice
media are considered transparent to sunlight, leading to a separate solar radiation energy balance equation;
i.e., Rn

s + R0 = 0. Then the energy balance equation over water-snow-ice surfaces, equation (3), reduced to
[Fairall et al., 1996b]

Rn
l = E + H + Q. (4)

Equations (3) and (4), the energy balance equations over lands (soil/vegetation) and water-snow-ice surfaces
respectively, are identical only for nighttimes. Note that the sign of Q here is opposite to that commonly
defined in oceanography.

2.2. MEP Model Formulation
The MEP model of heat fluxes can be derived by minimizing the “dissipation function” or “entropy produc-
tion function” expressed in terms of the heat fluxes under the constraint of the surface energy balance
equation (4). The mathematical definition of the dissipation function in terms of Shannon information
entropy was described in Wang and Bras [2009, 2011]. The concept of dissipation function may be intuitively
understood using an analogy of thermal dissipation produced by electric current passing through resistors
[Wang et al., 2013]. The analogy highlights the mathematical structure and physical significance of the MEP
theory. For the case of fluxes at the earth-atmosphere interface, the generalized dissipation function in the
MEP formulation may be obtained by replacing the electric currents with the heat fluxes and the (recipro-
cal) impedances with the thermal inertia parameters associated with the individual heat fluxes [Wang and
Bras, 2009, 2011]. It is important to emphasize that the dissipation (entropy production) function defined in
Wang and Bras [2009, 2011] is not limited to the cases of thermal energy dissipation. The dissipation function
defined for the heat fluxes over the Earth’s surface [see Wang and Bras, 2011, equation (1)] is not related to
the thermal energy dissipation function. It is a general expression of information entropy in terms of observ-
ables (fluxes) derived from the application of the maximum entropy principle in the context of the Bayesian
probability theory.

Since heat transfer near a material surface is due to either molecular or turbulent diffusion, the correspond-
ing thermal inertia parameters need to be parameterized accordingly. Previous observational studies [e.g.,
Khundzhua et al., 1977] have confirmed that under common meteorological conditions (e.g., wind speed
< 15 m s−1 [e.g., Boyle, 2007]), a thin water layer referred to as cool skin exists next to the water-atmosphere
interface where heat transfer is through thermal conduction [Fairall et al., 1996b]. In this study, the MEP
model is formulated for the case of cool skin so that the corresponding thermal inertia parameter only
depends on the physical property of (still) liquid water. It is conceptually straightforward to express the
thermal inertia in terms of eddy diffusivity parameterized based upon boundary layer turbulence models.

As a result of this analogy [see Wang and Bras, 2011, equation (1)], the dissipation function D involving the
surface fluxes E , H, and Q is postulated as

D(E,H,Q) = 2E2

Ie
+ 2H2

Ia
+

2
(

Rn
s + Q

)2

Iwsi
, (5)

where Ie and Ia and Iwsi are the thermal inertia parameters associated with the corresponding heat fluxes.
Iwsi (=

√
𝜌c𝜆 with the density 𝜌, the specific heat c, and the thermal conductivity 𝜆 of water-snow-ice media)

is a physical property of water-snow-ice (1.56 × 103 J m−2 K−1 s−1∕2 for still liquid water, 1.92 × 103 J m−2

K−1 s−1∕2 for ice, and ∼ 0.6–1.4 × 103 J m−2 K−1 s−1∕2 for snow with density varying between 100 and
500 kg m−3 [e.g., Yen, 1981]). Ia and Ie have been formulated [Wang and Bras, 2009, 2011] based on an
extremum solution of Monin-Obukhov similarity equations [Wang and Bras, 2010]:

Ia = 𝜌cp

√
C1𝜅z

(
C2

𝜅zg
𝜌cpTr

) 1
6

∣ H ∣
1
6 ≡ I0 ∣ H ∣

1
6 , (6)

Ie = 𝜎Ia, (7)

where 𝜌 is the density of the air, cP the specific heat of the air at constant pressure, 𝜅 the von Kármán
constant (∼0.4), z a local topography-dependent reference height above the surface (see Wang and Bras
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[2009, Table 2], for more details), g the gravitational acceleration, Tr a reference temperature (∼ 300◦K),
C1 and C2 two universal empirical constants characterizing the effect of stability on the profiles of poten-
tial temperature and wind velocity [see Wang and Bras, 2009, p. 4]. Assuming that water vapor right above
water-snow-ice surface is in equilibrium with the liquid/solid water, the dimensionless parameter 𝜎 in
equation (7) is given by

𝜎 =
√
𝛼
Δ
𝛾
, (8)

where Δ is the slope of the saturation water vapor pressure curve at the surface temperature Ts according to
Clausius-Clapeyron equation, 𝛾 the psychrometric constant, and 𝛼 is the ratio of eddy diffusivity of turbulent
transport of water vapor to that of heat. In general, 𝜎 is a function of Ts and surface specific humidity [see
Wang and Bras, 2011, equation (4)]. Earlier studies [e.g., Andreas and Murphy, 1986] suggested that 𝛼 for the
case of water surface is unity and is often assumed to be unity over solid surfaces.

The postulation of D as in equation (5) is made using an analogy to the case of land surfaces [see Wang and
Bras, 2011, equation (1)]. Transparency of water-snow-ice media to sunlight suggests Rn

s be included in D as
Rn

s + Q is the total energy flux at the surface of a water-snow-ice layer, just like ground heat flux being the
energy flux at the surface of a soil layer not transparent to sunlight. This postulation will be justified through
its predictive capability shown in section 4.

2.3. MEP Model of E, H, and Q
According to the MEP formalism, extremizing D in equation (5) under the constraint of the surface energy
balance as in equation (4) for given Rn

s , Rn
l , and Ts leads to the simultaneous solution of E, H, and Q ∶

[
1 + B(𝜎) + B(𝜎)

𝜎

Iwsi

I0
∣ H ∣−

1
6

]
H = Rn, (9)

E = B(𝜎)H, (10)

Q = Rn
l − E − H, (11)

where

B(𝜎) = 6

(√
1 + 11

36
𝜎 − 1

)
. (12)

Equation (9) is a nonlinear algebraic equation of H that can be solved numerically. Once H is obtained
from equation (9) for given Rn and Ts, the solution of E and Q follow from equations (10) and (11),
respectively. B in equation (10) is recognized as the reciprocal Bowen ratio expressed in terms of surface
temperature-dependent 𝜎 given in equation (8). Equations (9)–(11) are referred to as the MEP model of heat
fluxes at water-snow-ice surfaces, which is formally identical to that over the (saturated) land surfaces. Note
that the MEP solution of E and H only uses data of Ts and Rn, while that of Q needs additional data of Rn

s or Rn
l .

This feature of the MEP model reflects the fact that solar radiation is the primary energy source of the heat
flux within a water-snow-ice layer. In contrast, the MEP solution of Q over the land surfaces (i.e., ground heat
flux) is not directly affected by the partition of Rn into Rn

s and Rn
l since the solar radiation does not penetrate

soils. The confirmation of the MEP solution of Q according to shown below indirectly justifies the postulated
dissipation function as in equation (5) .

Summary of the MEP Model Formulation: Table 1 lists the model input and parameters. Model input vari-
ables used in equations (9)–(11) are Rn, Rn

l , and Ts. Model parameters are those included in the expressions
of I0 and 𝜎 given in equations (6) and (8), respectively. All model parameters are physical variables. The MEP
model formulation does not use empirical tuning parameters.
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Table 1. The Inputs and Parameters of the MEP Model of Surface Fluxes E, H, and Q According to
Equations (9)–(11)a

Modeled Fluxes Model Inputs Model Parameters Constant Parameters

E, H Rn , Ts z cp, g, C1, C2, Iwsi, Tr

Q Rn , Rn
l

, Ts 𝛼 𝛾 , 𝜅, 𝜌

az, the distance above the surface, is taken as z = 0.2–0.3 m for water surfaces (with conductive
“cool skin”) and z = 2–3 m for snow ice surfaces. 𝛼, the ratio of eddy diffusivity of turbulent trans-
port of water vapor versus that of heat, is commonly assumed to be unity. cp = 1004 J kg−1 K−1is
the specific heat of the air at constant pressure, g = 9.8 m s−2 the gravitational acceleration, the
universal constants in the Monin-Obukhov similarity equations C1 ≃ 2 (unstable) or 0.7 (stable),
C2 ≃ 5 (unstable) or 10 (stable), Iwsi the thermal inertia of water-snow-ice media, Tr ∼ 300 K the rep-
resentative (reference) temperature of the environment, 𝛾 the psychrometric constant, 𝜅 ≃ 0.4 the
von Kármán constant, and 𝜌 the density of air. 𝛾 and 𝜌 vary linearly with the atmospheric pressure P
following 𝛾 = cpL−1

v mdm−1
v P (the latent heat of vaporization of liquid water Lv = 2.5 × 106 J kg−1,

the molecular weight of water vapor mv = 18 g mol−1 and that of dry air md = 29 g mol−1) and the
ideal gas law, respectively.

2.4. On the MEP Model
The MEP theory, a statistical method or an inference algorithm, was used for finding the most probable solu-
tions when the available information is not sufficient to obtain definite answers. The model formulation
described above was to seek an answer to the question: what would be the most probable energy budget
given the radiation fluxes and surface temperature? The derivation of the fluxes from only the information of
radiation and temperature should not be interpreted as that the transport of water vapor and heat are phys-
ically only dependent on radiation and surface temperature. The effects of other environmental conditions
such as wind (or wind shear), temperature/moisture gradient, and atmospheric pressures have been taken
into account through the thermal inertia parameters (i.e., Ie and Ia in equations (6) and (7)). For example, the
effect of wind speed on the turbulent transport in the boundary layer is represented through the formula-
tion of Ia even though wind speed is not explicitly included in the expression of Ia as wind speed (shear) is
expressed as a function of sensible heat flux according to the extremum solution of the Monin-Obukhov
similarity equations. In fact, all the environmental variables used in the classical models are included explic-
itly or implicitly in the model formulation. The MEP formulation of fluxes in terms of radiation and surface
temperature implies that the MEP theory allows the most effective use of the data with the redundancy of
the physically coupled environmental variables about the fluxes removed by the MEP formalism. Parsimony
of the MEP model in input variables and model parameters substantially reduces the uncertainties of the
MEP-modeled fluxes. In particular, without explicitly using wind speed, temperature/moisture gradient, and
surface roughness as model inputs and parameters further reduces the modeling errors of the fluxes. Uncer-
tainties of the MEP-modeled fluxes are limited by the measurement errors of radiation fluxes, which are on
the order of 10% or less. Uncertainties in the MEP-modeled fluxes caused by other input and model param-
eters are more limited. For example, the measurement error of skin temperature (𝛿Ts) is quite small, on the
order of 𝛿Ts∕Ts ∼ 3∕300 = 1%.

3. A Physically Based Model of Q

For the thermal conduction within the water cool skin and snow/ice layer, there exists an analytical
expression of Q in terms of Ts and Rn

s , referred to as the physically based model of Q herein, similar to the
relationship between ground heat flux and surface soil temperature known as half-order time deriva-
tive/integral [Wang and Bras, 1999]. Since the temperature-gradient independent expression of Q according
to equations (9)–(11) is obtained without solving physical principles-based equations, the MEP formulation
of Q is justified if the two models agree.

Assuming horizontal homogeneity, the heat conduction within sunlight transparent media may be
described by a one-dimensional inhomogeneous diffusion equation with a heating source resulting from
the absorption of solar radiation [Kaiser and Williams, 1974; Soloviev and Schlüssel, 1996]:

𝜕T
𝜕t

= 𝜅
𝜕2T
𝜕z2

+ 𝜕

𝜕z

[
Rn

s (t)
𝜌c

I(z)
]

(13)
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T = T0, for t = 0, z < 0, (14)

T = T0, for t > 0, z → −∞ (15)

where T(z, t) is the water-snow-ice temperature, T0 a constant deep water temperature, I(z) the (dimen-
sionless) solar radiation absorption profile of water-snow-ice, and 𝜌, c, 𝜅 the density, specific heat, and
thermal diffusivity of (still liquid) water-snow-ice, respectively. The vertical coordinate z points upward with
z = 0 at the material surface. No boundary condition is prescribed at the surface, which allows the most
generic relationship linking Q to Ts and Rn

s . It is important to emphasize that the mathematical infinity in
equation (15), which makes analytical solution possible, should be interpreted as that the conductive cool
skin is very shallow relative to the depth of the mixed-layer for the case of water. In fact, only the solution of
equations (13)–(15) at the surface (z → 0) is of interest for the purpose of relating Q analytically to Ts and Rn

s

as in the MEP model of Q according to equations (9)–(11).

A generic expression of I(z) is the generalized Beer’s law:

I(z) =
N∑

i=1

Fi exp

(
z
𝜁i

)
, (16)

where N is the number of wavelength bands, Fi the extinction coefficient, and 𝜁i the characteristic penetra-
tion depth corresponding to the ith wavelength band. For seawater, nine extinction coefficients have been
(N = 9 in equation (16)) identified according to experimental studies [Defant, 1961]. The coefficients Fi and
𝜁i reported by Defant [1961] and used previously [Paulson and Simpson, 1981] will be used in this study. For
snow/ice, I follows a simple Beer’s law (N = 1 in equation (16)) [Colbeck, 1989; Greuell and Oerlemans, 1989]
with a bulk extinction coefficient dependent on the bulk density of snow/ice.

Equations (13)–(16) lead to an analytical expression of Q in terms of Ts and Rn
s (a derivation is given in

Appendix A):

Q(t) =
Iwsi√
π

t

∫
0

𝜕Ts(𝜏)
𝜕𝜏

d𝜏√
t − 𝜏

−

(
N∑

i=1

√
𝜅

𝜁i
Fi

)
1√
π∫

t

0

Rn
s (𝜏)d𝜏√

t − 𝜏

+

t

∫
0

N∑
i=1

[(
𝜅

𝜁2
i

Fi

)
e

𝜅

𝜁2
i
(t−𝜏)

erfc

(√
𝜅

𝜁i

√
t − 𝜏

)]
Rn

s (𝜏)d𝜏 (17)

where erfc is the complementary error function and 𝜏 the integration (time) variable. A numerical algorithm
for calculating the integrals in equation (17) is given in Appendix B. The integration starts from an arbi-
trary time when the temperature profile is close to uniform or Q close to zero within the conductive layer.
Case studies [e.g., Wang and Bras, 1999] suggest that Q is not sensitive to the hypothetical initial uniform
temperature profile when t is on the order of a few hours.

The analytical solution of Q, referred as a physically based model of Q, is completely independent of the
MEP model of Q formulated in section 2 since the governing equation (13) is independent of the turbu-
lent model used in parameterizing Ia and Ie of the MEP model. Yet the physically based model and the MEP
model predicted Q are consistent as demonstrated in section 4.2.3 below.

Equation (17) can be written in an equivalent form where Ts is expressed in terms of Q and Rn
s (according to

equation (A9)):

Ts(t) = T0 +
1
𝜌c

t

∫
0

N∑
i=1

[
Fi

𝜁i
e

𝜅

𝜁2
i
(t−𝜏)

erfc

(√
𝜅

𝜁i

√
t − 𝜏

)]
Rn

s (𝜏)d𝜏 +
1

Iwsi

t

∫
0

Q(𝜏)d𝜏√
π(t − 𝜏)

. (18)

4. Model Test

The MEP model of E, H, and Q will be tested against field observations of heat fluxes. Direct measurements
of Q are much more difficult than those of E and H over the water-snow-ice surfaces. We are aware of only
one experimental technology for directly measuring Q over water surfaces [Sromovsky et al., 1999a, 1999b;
Boyle, 2007], which, to our knowledge, has not been deployed in field experiments. Snow heat flux can be
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Figure 1. MEP model-predicted (broken red) (a) latent heat flux E and
(b) sensible heat flux H, according to equations (9) and (10) using mea-
sured Rn and Ts, versus observational fluxes (solid blue) for Lake Råksjö
from NOPEX experiment during 10–24 June 1994.

measured using soil heat flux sensors
as those deployed during the Surface
Heat Budget of the Arctic Ocean (SHEBA)
experiment. However, measuring snow
heat flux at surface Q is difficult due to
changing snow depth and disturbances
from solar radiation. We are unaware of
publicly available field data products of
Q at the snow/ice surfaces. Therefore, the
“observed” Q in this study is obtained
as the residual of the energy balance
equation (4) where the three terms on
the left-hand side are from field obser-
vations. Only publicly available data sets
are used in this study.

4.1. Test of the MEP Model of E and H
4.1.1. Water Surface
Two field experiment data sets were used
in this study. The Northern Hemisphere
Climate Processes Field Experiment
(NOPEX) provides an open access data
set of eddy covariance measurements of
turbulent fluxes over two lakes, Råksjö
(1.5 km2 in surface area and 4 m in
depth) and Tämnaren (37 km2 and 2 m),
over short periods of time during June
and July of 1994 [Halldin et al., 1999].
These eddy covariance data were used
to calibrate the transfer coefficients of a

bulk transfer model used for estimating the turbulent heat fluxes. More details about the field experiment
and the data set are described in Heikinheimo et al. [1999]. Due to technical difficulties of collecting data
from eddy covariance device on a floating platform over the lakes, the eddy covariance measurement of
turbulent fluxes are subject to substantial uncertainty. For example, the wind-caused measurement errors
were on the order of 10 W m−2 for sensible heat flux and 100 W m−2 for latent heat flux when wind speed is
5–6 m s−1 or higher.

California Research at the Nexus of Air Quality and Climate Change 2010 (CALNEX2010) field experi-
ment [Ryerson et al., 2013] collected eddy covariance turbulent fluxes and other meteorological data from
the NOAA R/V Atlantis Ship cruise along the California coast during 14 May to 7 June 2010 [Wolfe and
Fairall, 2010]. The ship carried eddy covariance system and other devices placed at 15–19 m above sea
surface-measured turbulent fluxes, atmospheric and oceanic variables. The sea surface (skin) tempera-
ture was not available. Water temperature at 5 cm depth was used in this study. More information about
CALNEX2010 cruise track and data products can be found at www.esrl.noaa.gov/csd/projects/calnex/.

Figure 1 compares the MEP model predicted E and H (in broken red), according to equations (9) and (10)
using the observed Rn and Ts, with the fluxes data (in solid blue) for Lake Råksjö. Conductive layer of cool
skin is expected to prevail during this period of time as wind speed (Figure 2a) was significantly weaker
than 15 m s−1 threshold [e.g., Boyle, 2007]. Figure 1 shows that the MEP-modeled fluxes agree with the
data qualitatively. The diurnal cycle of MEP-modeled E and H are consistent with the observed E and H, and
their magnitudes are comparable while the agreement is closer under the condition of lower wind speed
(e.g., U < 6 m s−1). The nighttime modeled fluxes tend to be lower than the data. Note that the bulk
transfer method tends to overestimate nighttime fluxes as the transfer coefficients were taken as constant
[Heikinheimo et al., 1999]. A more realistic parameterization of transfer coefficients should take the diurnal
variation of the stability of the surface layer into account; i.e., the constant transfer coefficients for night-
time as those for daytime would overestimate the nighttime turbulent fluxes. The error associated with
the constant transfer coefficients is compounded with more severe limitation of the bulk transfer method:
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Figure 2. (a) Net radiation Rn and (b) wind speed U measurements over
Lake Råksjö from the NOPEX experiment during 10–24 June 1994.

lack of constrain of energy balance
leading to substantial uncertainty in
the fluxes data. Nonetheless, the com-
parable magnitudes of the modeled
versus observed fluxes suggests that
the MEP model is able to capture the
turbulent fluxes as a partition of radi-
ation at water surface given only the
surface temperature. Not affected by
the uncertainty of the near-surface
wind speed, air temperature, humidity,
and surface roughness, the uncertainty
of the MEP-modeled fluxes is limited
when the radiation data are adequately
accurate. Specifically, the largest dif-
ferences between the MEP-modeled
and observed E and H occurred on
23 June when wind was stronger up
to 8–9 m s−1 over the 2 week period
(excluding the missing data days). The
MEP-modeled E and H on 23 June were

the lowest during this period, which is consistent with the lowest Rn. Specifically, as the peak Rn drops from
∼400 W m−2 on day 22 to 200 W m−2 on day 23 (Figure 2b), the MEP model predicted E reduces by half,
while the bulk transfer method predicted E nearly doubles (from 100 W m−2 to 200 W m−2; see Figure 1a).
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Figure 3. MEP model-predicted (broken red) (a) latent heat flux E and (b)
sensible heat flux H, according to equations (9) and (10) using measured
hourly net radiation Rn and sea snake temperature at 0.05 m depth Ts,
versus eddy covariance fluxes (solid blue) from the CALNEX cruise during
14 May to 7 June 2010.

According to Heikinheimo et al. [1999],
E was expressed in terms of surface
specific humidity gradient multiplied
by wind speed and constant trans-
fer coefficient. The drastic increase in
the bulk transfer-based E is apparently
caused largely by stronger wind (from
6 m s−1 to 8 m s−1; see Figure 2a).
This increasing trend of E contra-
dicts the decreasing trend of Rn as the
energy source of evaporation. There-
fore, the MEP model predicted E is
arguably more reliable than the bulk
transfer-based data that are subject
to violation of energy conservation.
More comprehensive and quantita-
tive analysis of the MEP-modeled fluxes
needs higher-quality in situ fluxes
data products.

Figure 3 compares the MEP
model-predicted E and H (in broken
red), according to equations (9) and
(10) using the observed Rn and Ts (5 cm
depth water temperature), with the
eddy covariance fluxes data (in solid
blue) from the CALNEX2010 cruise. Like
the case of Lake Råksjö, conductive
layer of cool skin is expected to prevail
during the cruise as wind speed was
mostly below 10 m s−1 (Figure 4a). The
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Figure 4. (a) Wind speed U and (b) water temperature Ts at 0.05 m
depth and air temperature Ta at 15–19 m above the sea surface from the
CALNEX cruise during 14 May to 7 June 2010.

MEP model-predicted E is in reason-
able agreement with the observed E
for 23 May (day 9) and 3–7 June (days
20–24). The MEP-predicted H is con-
sistent with the observed H for these
days except that there are more miss-
ing data. During the other days of this
period, MEP-predicted E and H were
much higher than the eddy covariance
fluxes. The closer agreement between
the modeled and observed fluxes con-
curred with either stronger wind or
greater sea surface and air temperature
gradient (see Figure 4). It appears that
the eddy covariance devices on the
ship about 19 m above the sea surface
did not capture the turbulent fluxes
when wind speed and sea-air temper-
ature gradient are relatively weak. In
fact, the meteorological environment
during the CALNEX2010 cruise was
rather similar to the lake Råksjö dur-
ing 10–24 June 1994 (see Figure 2 for
wind speed and net radiation data). The
net radiation during the CALNEX2010
cruise was at the level of 900 W m−2

(diurnal peak, data not shown), while
that over lake Råksjö was the level
of 700 W m−2 (diurnal peak shown

in Figure 2b). Wind speed was comparable (Figure 4a for CALNEX2010 and Figure 2a for lake Råksjö), and
water surface temperature almost identical around 15◦C (Figure 4b for CALNEX2010 and not shown for
lake Råksjö). Therefore, the turbulent fluxes are expected to be comparable from the two field experiments.
E on the order of ∼100–150 W m−2 and H on the order of ∼60 W m−2 were recorded by the eddy covari-
ance device placed 2–3 m above the lake surface. But E < 50 W m−2 and H < 10 W m−2 were obtained
from the eddy covariance device placed 15–19 m above the sea surface except for 23 May and 3–7 June
when stronger wind and greater air-sea temperature gradient occurred. The low eddy covariance turbulent
fluxes are inconsistent with the condition of net radiation, water surface temperature, and wind speed. This
is the evidence that the ship observations tend to underestimate the air-sea turbulent fluxes under condi-
tion of weak wind and air-sea temperature gradient due to the extra height of eddy covariance device on
large ships like R/V Atlantis. The MEP model is able to predict the turbulent fluxes consistent with the radi-
ant energy and meteorological conditions even though wind speed and air-sea temperature gradient are
not explicitly used in the model formulation. See below for more discussions on the effect of near-surface
meteorological condition on the turbulent fluxes.

Evaporation from water surfaces is traditionally estimated using two approaches: the bulk transfer equations
relating water vapor flux to water vapor gradient with a wind speed-dependent transfer coefficient and
the Penman equation that partitions radiant energy into evaporation and sensible heat flux. Wind speed
versus radiant energy as the main driver of free water evaporation is under debate. Granger and Hedstrom
[2011] concluded that “for time periods shorter than daily, the open water evaporation bears no relation-
ship to the net radiation,” while the measured evaporation using scintillometer reported in McJannet et al.
[2011] shows that evaporation is closely correlated with net radiation. It has been known [Slatyer and
Mcllroy, 1961, pp. 3–14] that the measurement of evaporation (by atmometer) “overestimates the effect
of wind and underestimates that of (net) radiation.” This tendency compounded with the highly variable
near-surface temperature and humidity gradient may be responsible, at least partly, for the discrepancies
between the MEP model-predicted E and H and the fluxes derived from the bulk transfer equations where
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Figure 5. MEP model-predicted (broken red) (a) latent heat flux E and (b)
sensible heat flux H, according to equations (9) and (10) using measured
Rn and Ts, versus measured fluxes (solid blue) at FLUXNET site, grassland
in Lethbridge, Alberta, Canada, during 1–10 December 2007.

wind speed and the associated mea-
surement errors tend to cause large
and unknown error in the estimated
evaporation over water surfaces.

This case study highlights the chal-
lenges in producing accurate data
of turbulent fluxes over water sur-
faces due to technical and com-
putational difficulties. Over lakes
and oceans movable floats carrying
devices cause significant uncertainty
in wind velocity data that affects
both eddy covariance-based and
bulk-transfer-based estimates of turbu-
lent heat fluxes. Turbulent fluxes data
derived using bulk transfer equations
are also subject to uncertainty in the
measurements of temperature and
moisture gradient. It has been known
that rapid changes of temperature and
humidity near the surface within a shal-
low layer up to 25 cm [see Caisley et al.,
1963, Figure 11] cause the bulk gradi-
ents of temperature and humidity near
the surface to be drastically different
from the local gradients associated the
surface fluxes. Analysis of eddy covari-

ance fluxes data over a lake surface [Yang et al., 2013] showed that the relative efficiency of evaporation
(ratio of E to H) over lake surface tends to decreases with height. This is consistent with the NOPEX and CAL-
NEX2010 data (Figures 1 and 3) showing that eddy covariance method tends to underestimate the fluxes
when eddy covariance device is placed higher above the water surface. Hence, use of the bulk gradients
across a distance of ∼1 m or greater may lead to unrealistic estimates of turbulent fluxes. Comparison of
MEP-modeled fluxes with observations thus suffers from the limitation of large uncertainties sometimes
comparable to the magnitudes of the actual fluxes. In addition, the bulk transfer equations are not energy
constrained. The MEP-modeled E and H over water surfaces do not use wind speed, humidity, and tempera-
ture gradient data. Hence, they are not affected by the measurement errors of these variables. Since the MEP
model is based on the conservation of energy, the MEP model-predicted fluxes are always consistent with
radiation forcing; i.e., their magnitudes are bounded by Rn. This is clearly demonstrated by E and Rn during
days 22–24 shown in Figures 1a and 2b, respectively, as discussed above.

There is more evidence in support of the MEP model in the literature. An earlier study [Bill et al., 1980] pro-
vided an observational confirmation of the MEP model-predicted Bowen ratio in equation (10). Bill et al.
[1980, Figure 5] showed a Bowen ratio of ∼0.7 at lake surface temperature 14◦C [Bill et al., 1980, Figure 3]
using eddy covariance data, which is in close agreement with the MEP model-predicted Bowen ratio as
shown in Figure 2 of Wang and Bras [2011].

When the conductive cool skin is disturbed under strong wind conditions (e.g., >∼15 m s−1), the thermal
inertia parameter is dependent on the eddy diffusivity, which may be formulated using a formal similarity
between the oceanic and atmospheric boundary layer structures [Gargett, 1989] as the Monin-Obukhov
similarity theory was applied to modeling turbulent diffusion in both the atmospheric boundary layer and
the ocean mixed layer [Large et al., 1994; Kantha and Calyson, 1994]. The MEP model-predicted heat fluxes
are not sensitive to the parameterization of eddy diffusivity due to the square root dependence of thermal
inertia on the diffusivity parameter.

WANG ET AL. ©2014. American Geophysical Union. All Rights Reserved. 6043



Journal of Geophysical Research: Atmospheres 10.1002/2013JD021150

100 105 110 115 120 125 130 135 140 145 150
−5

0

5

10

15

20

E
 (

W
 m

−
2 )

(a)

100 105 110 115 120 125 130 135 140 145 150
−30

−20

−10

0

10

20

30

time (Julian day)

H
 (

W
 m

−
2 )

(b)

MEP

obsEC

Figure 6. MEP model-predicted (a) latent heat flux E and (b) sensible heat
flux H, according to equations (9) and (10) using measured Rn and Ts, ver-
sus eddy covariance measurements of E and H from SHEBA experiment
at a ice pack of the Arctic Ocean during 10 April to 30 May 1998.

4.1.2. Snow Surface
Data set from FLUXNET, a worldwide
network of energy, water and car-
bon flux observations, collected at a
grassland site in Lethbridge Grassland,
Alberta, Canada (AB-GRL), provided
eddy covariance (EC) measurements
of latent and sensible heat fluxes
over snow-covered surface over the
period of 1998–2008. Detailed descrip-
tion of the experiment site can be
found in Flanagan and Johnson [2005].
Other surface meteorological variables
including net radiation and air temper-
ature at 1 m (as a surrogate for snow
skin temperature that was not mea-
sured at the site) at 30 min resolution
are used in this study. Figure 5 com-
pares the MEP model-predicted E and H
with the observed E and H during 1–10
December 2007. Using only the data of
net radiation and surface temperature,
the MEP model is able to capture the
diurnal cycle of E and H and the mod-
eled fluxes are in close agreement with
the observations. The noisy EC H data

appear to be caused by sampling error as the measured net radiation (not shown) following a well-defined
diurnal cycle without rapid fluctuations.
4.1.3. Ice Surface
The Surface Heat Budget of the Arctic Ocean (SHEBA) experiment [Uttal et al., 2002] provided field observa-
tions of turbulent fluxes over sea ice over the Arctic Ocean. The data collected during the Phase II of SHEBA
(1997–1999), a year-long field campaign (2 October 1997 to 12 October 1998), are used in this study. The
measurements of turbulent fluxes using eddy covariance and bulk aerodynamic method together with
other surface meteorological variables including four components of radiation were archived at hourly
resolution. More details about the field experiment and the data products are described in Uttal et al. [2002].
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Figure 7. MEP model-predicted Q , according to equation (11) with
observed Rn

s (as an input), and the MEP-modeled H (shown in Figure 1b),
versus observational Q computed from the energy balance equation (4),
Q = Rn

l
− E − H, where the measured E, H, and Rn

l
over Lake Råksjö from

NOPEX experiment during 10–24 June 1994.

Figure 6 compares the MEP
model-predicted E and H with the
SHEBA eddy covariance fluxes over
the period of 10 April to 30 May 1998
before melting of the sea ice as indi-
cated by Ts record (data not shown).
The magnitudes and diurnal cycles of
the observed E (solid blue of Figure 6a)
and H (solid blue of Figure 6b) are
well captured by the MEP model
(broken red). The visible differences
between the MEP model-predicted
and observed fluxes existed for about
5 days before the melting of ice sheet
starting 28 May (day 148). It is unclear
whether the relatively large nighttime
E < 0 (deposition of water vapor) and
daytime H > 0 predicted by the MEP
model during days 141–147 are realistic
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Figure 8. MEP model-predicted Q , according to equation (11) with
observed Rn

s (as an input), and the MEP-modeled H (shown in Figure 3b),
versus observational Q computed from the energy balance equation (4),
Q = Rn

l
− E − H, where the measured E, H, and Rn

l
from the CALNEX cruise

during 14 May to 7 June 2010.

because of missing air temperature and
humidity data (at 2.5 m level), which
are more indicative of upward ver-
sus downward transport of heat and
water vapor. Since large positive (neg-
ative) daytime (nighttime) E and H are
expected to concur due to the fact that
the transport of heat and water vapor
is caused by the same turbulent mixing
process, the MEP- modeled fluxes are
consistent with the observations.

4.2. Test of the MEP Model of Q
4.2.1. Water Surface
Figure 7 compares the MEP
model-predicted and observed Q for
Lake Råksjö. The MEP-modeled Q in
equation (11) is derived using the
observed Rn

l (= Rn−Rn
s ) (where Rn and Rn

s

were directly measured during the field
experiment) and the MEP model-predicted H and E equations (9) and (10) (Figure 1b) using Rn and Ts data.
The MEP-modeled and observed Q are in reasonable agreement at least qualitatively. The noisy observed Q
is caused by the noisy data of E and H (Figure 1). The largest differences between modeled and observed Q
occurred during day 23 when measured E reached 300 W m−2 while the modeled E was below 100 W m−2.
The measurement error of E was more than +100 W m−2 when the observed Rn was below 200 W m−2

(Figure 2). Apparent observation errors of Q also occurred during day 14 when observed −Q was substan-
tially greater than that during the day before and after while Rn for day 14 was nearly identical to that for
the day before and after. It was evident that wind speed during day 14 was stronger than wind speed dur-
ing the day before and after. Note that day 23 had strongest wind during the 2 week period. It appears that
the errors of E and H data (using the bulk transfer method) are responsible for the discrepancy between the
modeled and observed fluxes as bulk transfer method tends to overestimate the fluxes under the condition
of strong wind due to linear dependence of the empirical transfer coefficient on wind speed. The agreement
between the modeled and observed Q is closer than those between the modeled and observed E and H
(Figure 1) since Q is related to the total turbulent fluxes. Positive −Q by definition implies transport of
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Figure 9. MEP model-predicted Q, according to equation (11) with
observed Rn

l
(as an input) and the MEP-modeled H (shown in Figure 1b),

versus observational Q computed from the energy balance equation (4),
Q = Rn

l
− E −H, calculated from the measured E, H, Rn , and Rn

s at FLUXNET
AB-GRL site during 1–10 December 2007.

thermal energy from the water into
the atmosphere, as expected, since the
solar radiation absorbed within the
water layer is the energy source of
the surface heat fluxes. This case study
confirms the possibility of modeling Q
without using measurements below
the water surfaces such as mixed layer
water temperature in the bulk transfer
equations and avoiding large uncer-
tainty in the wind speed-dependent
transfer coefficients in the bulk
transfer equations.

Figure 8 compares the MEP
model-predicted and observed Q
for the CALNEX2010 cruise period.
Agreement between the modeled and
observed Q during 23 May and 3–7
June is evident, consistent with the test
of modeled versus observed E and H.
Underestimates of daytime E and
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Figure 10. MEP model-predicted Q, according to equation (11) using
measured Rn

s with the MEP-modeled H (Figure 1b), versus observational
Q computed from the energy balance equation (4), Q = Rn

l
− E − H, using

the measured E, H, and Rn
l

) from SHEBA experiment during 10 April to
30 May 1998.

H by eddy covariance method lead to
underestimates of daytime Q, while the
modeled and observed Q agree well
during nighttimes. Positive −Q again
suggests transfer of thermal energy
from the ocean to the atmosphere as
for the case of Lake Råksjö as expected.
4.2.2. Snow Surface
Figure 9 compares the MEP
model-predicted Q at the FLUXNET
AB-GRL site during 1 to 10 December
2007. The MEP model-predicted Q is
in good agreement with the observed
Q despite the noisy data Q caused by
unrealistic fluctuations in the eddy
covariance data of H (Figure 5b). The
spurious large values of H are inconsis-
tent with the observed Rn (not shown).
Negative Q again indicates that the
loss of thermal energy balances the

turbulent fluxes and long-wave radiation loss over the snow surface. The magnitude and diurnal cycle of
the MEP model-predicted Q is consistent with previous studies [e.g., Tarboton and Luce, 1996; Jeffries and
Morris, 2006].
4.2.3. Ice Surface
Figure 10 compares the MEP model-predicted Q with the observed Q from SHEBA data set over the period
of 10 April to 30 May 1998. The observed diurnal cycles and magnitudes of Q are well captured by the
MEP model. Negative Q implies that the loss of thermal energy of the ice sheet, like water and snow layer
(see Figure 7), is the energy source of the turbulent heat fluxes and net long-wave radiation over the sea
ice surface.
4.2.4. Test of the Consistency of the MEP and Physically Based Model of Q
The hourly Woods Hole Oceanographic Institution (WHOI) Improved Meteorology (IMET) BUOY data
set (http://www.eol.ucar.edu/rdp/tcwids/tcwids.html) of the Tropical Ocean–Global Atmosphere
(TOGA)-Coupled Ocean-Atmosphere Response Experiment(COARE) [Webster and Lukas, 1992] was used to
test the consistency of the MEP and physically based model of Q. The extinction coefficients Fi and the char-
acteristic penetration depth 𝜁i in equation (16) for sea water are taken from Defant [1961] given in Table 2
[Paulson and Simpson, 1981]. Figure 11 shows the Q predicted by the two models using the input of Rn

s , Rn
l ,

and Ts from the TOGA-COARE WHOI IMET BUOY data for November 1992. The close agreement between the
two models is evident. Given that the MEP model of Q is derived without solving heat transfer equation (e.g.,
equation (13)), the consistency of the two models is a strong justification of the MEP model. The consistency

Table 2. The Extinction Coefficients
Fi and the Characteristic Penetration
Depths 𝜁i in Equation (16) for Seawater
[Defant, 1961] Cited by Paulson and
Simpson [1981]

i Fi 𝜁i (m)

1 0.237 34.8
2 0.360 2.27
3 0.179 3.15 × 10−2

4 0.087 5.48 × 10−3

5 0.080 8.32 × 10−4

6 0.0246 1.26 × 10−4

7 0.025 3.13 × 10−4

8 0.007 7.82 × 10−5

9 0.0004 1.44 × 10−5

also justifies the MEP model of E and H since Q, E, and H are solved
simultaneously from equations (9) to (11).

4.3. On the MEP Model and Its Application
The formulation of the MEP is built on the well-known physics
including Fourier’s law for heat conduction, Monin-Obukhov sim-
ilarity theory for atmospheric boundary layer turbulence, and
Clausius-Clapeyron equation for saturation vapor pressure. The
MEP method, used as an inference algorithm instead of a physical
principle, extracts the most relevant information about the surface
fluxes provided by the radiant fluxes and surface temperature in
the sense that the MEP model-predicted fluxes are the most prob-
able partition of a radiant energy under the condition of given
temperature. Wind speed and temperature and moisture gradient
independent expressions of the fluxes should not be interpreted
as that the fluxes are physically independent of these
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Figure 11. The MEP model-predicted Q (broken red) according to
equation (11) versus the physical model of Q according to equation (17)
(solid blue) using the input of Ts and Rn

s from TOGA-COARE WHOI IMET
BUOY data during November 1992.

variables. In fact, the effect of wind
speed or wind shear and tempera-
ture/moisture gradient on the fluxes
has been represented in the model
through the parameterization of
boundary-layer turbulence using the
Monin-Obukhov similarity equations.
The MEP formulation removes the
redundant information in the sur-
face temperature/moisture and the
near-surface temperature/moisture
related to the fluxes. Effectiveness in
utilizing information makes the MEP
model parsimonious in input data and
model parameters.

In addition to parsimony of input
data and model parameters, the MEP
model has a unique advantage of being
radiant energy constrained and thus
producing automatically a balanced

surface energy budget. Fluxes expressed as analytical functions of net surface radiation provide an efficient
approach of relating the uncertainties of the modeled heat fluxes to those of the radiative fluxes data. Accu-
racy of surface radiative fluxes estimates has more control on the reliability of the MEP-modeled surface heat
fluxes over oceans than the modeled fluxes over land surfaces since variability in sea surface temperature
and humidity are limited. Consequently, the ever-improving data products of surface radiative fluxes will
lead to better estimates of the surface heat fluxes using the MEP model. It remains challenging to close the
global surface energy budget despite progresses made in the past several years to reduce the uncertainties
in global surface radiative fluxes estimates, especially the downwelling long-wave radiative fluxes [Stephens
et al., 2012], for producing surface irradiance estimates consistent with the top-of-atmosphere irradiances
[Kato et al., 2013]. Implementation of the MEP model in surface heat flux estimates will further reduce the
error bounds of the heat fluxes. Compared to bulk transfer formula, MEP-based fluxes estimates eliminate
the extra uncertainties associated with observation/simulation errors in surface wind speed and temper-
ature/moisture gradients and brings us closer to the goal of producing a closed global surface energy
budget. This makes MEP model an appealing tool for the studies aiming at detecting long-term trends and
variabilities in various surface energy budget terms.

5. Conclusions
The MEP model of heat fluxes developed for land surfaces has been generalized to water-snow-ice sur-
faces. The reported case studies indicate that the MEP model is able to predict simultaneously the energy
fluxes without using temperature and moisture gradient, wind speed, and surface roughness data. The MEP
model-predicted surface fluxes are radiant energy constrained and satisfy automatically the surface energy
balance. The parsimony of input data and model parameters make the MEP model not only an attractive sur-
face fluxes retrieval algorithm for field experiments and remote sensing missions but also an advantageous
physical parameterization of surface energy budget for regional and global climate models. The encourag-
ing tests of the model has motivated an ongoing research to use the MEP model for remote sensing of the
heat fluxes over water-snow-ice surfaces at global scales as field observations remain sparse and sporadic
over water-snow-ice-covered regions. Another ongoing research is to incorporate the MEP model, as an
alternative parameterization of surface energy budget, into regional and global coupled ocean-atmospheric
models for the study of air-sea fluxes-driven processes such as the Madden-Julian oscillation.

Appendix A: Derivation of Equation (17)
Defining a new variable Θ = T − T0 that satisfies the following governing equation and initial/boundary
condition according to equation (13)–(15):

𝜕Θ
𝜕t

= 𝜅
𝜕2Θ
𝜕z2

+ 𝜕

𝜕z

[
Rn

s (t)
𝜌c

I(z)
]

(A1)
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Θ = 0, for t = 0, z < 0, (A2)

Θ = 0, for t > 0, z → −∞, (A3)

where Rn
s is the net short-wave radiation at the water-snow-ice surface defined in equation (2).

Laplace transform of equation (A1) with respect to t with the use of equation (A2) leads to

sΘ̃(z, s) = 𝜅
𝜕2Θ̃
𝜕z2

+
R̃n

s

𝜌c
dI(z)

dz
(A4)

where the Laplace transform, , is defined as

{Θ} ≡ Θ̃(z, s) =

∞

∫
0

e−stΘ(z, t)dt (A5)

{Qs} ≡ Q̃s(s) =

∞

∫
0

e−stQs(t)dt. (A6)

The general solution of equation (A4) under the condition of equation (A3) is

Θ̃(z, s) = A exp

(
z

√
s
𝜅

)
+

R̃n
s (s)
𝜌c

∑
i

(
s − 𝜅

𝜁2
i

)−1
Fi

𝜁i
exp

(
z
𝜁i

)
(A7)

where A is an arbitrary function of s and I(z) is given in equation (16). Differentiation of both sides of
equation (A7) with respect to z results in

𝜕

𝜕z
Θ̃(z, s) =

√
s
𝜅
Θ̃(z, s) −

R̃n
s (s)

𝜌c
√
𝜅

∑
i

(√
s +

√
𝜅

𝜁i

)−1
Fi

𝜁i
exp

(
z
𝜁i

)
. (A8)

The first term on the left-hand side of equation (A8) is the Laplace transform of a half-order derivative with
respect to t of Θ(z, t) [e.g., Miller and Ross, 1993]. Half-order derivative of a function is defined in Miller and
Ross [1993]. Equation (A8) also implies

Q̃(z, s) = 𝜌c
√
𝜅
√

sΘ̃(z, s) −
∑

i

(√
s +

√
𝜅

𝜁i

)−1 √
𝜅

𝜁i
Fi exp

(
z
𝜁i

)
R̃n

s (s), (A9)

which can be used to derive expressions of Q in terms of Ts and Rn
s and Ts in terms of Q and Rn

s through
inverse Laplace transforms.

Performing inverse Laplace transform, −1, on equation (A8), we have

𝜕

𝜕z
Θ(z, t) = 1√

𝜅

𝜕
1
2

𝜕t
1
2

Θ(z, t) − 1

𝜌c
√
𝜅

∑
i

Fi

𝜁i
exp

(
z
𝜁i

)
1√
π∫

t

0

Rn
s (s)ds√

t − s

+ 1
𝜌c

∑
i

Fi

𝜁2
i

exp

(
z
𝜁i

)
∫

t

0
exp

[
𝜅

𝜁2
i

(t − s)

]
erfc

(√
𝜅

𝜁i

√
t − s

)
Rn

s (s)ds (A10)

where erfc is the complementary error function and the following equation is used

−1

{
1√

s + 𝜆

}
= 1√

πt
− 𝜆 exp(𝜆2t)erfc(𝜆

√
t) (A11)

where 𝜆 is a constant.

As a result of equation (A10), Q(z, t) can be written in terms of the time history of temperature and solar
radiative flux as

Q(z, t) = 𝜌c𝜅
𝜕

𝜕z
T(z, t) = 𝜌c

√
𝜅

1√
π∫

t

0

𝜕T(z, s)
𝜕s

ds√
t − s

−
∑

i

√
𝜅

𝜁i
Fi exp

(
z
𝜁i

)
1√
π∫

t

0

Rn
s (s)ds√

t − s

+ ∫
t

0

∑
i

𝜅

𝜁2
i

Fi exp
(

z
𝜁i

)
exp

[
𝜅

𝜁2
i

(t − s)

]
erfc

(√
𝜅

𝜁i

√
t − s

)
Rn

s (s)ds (A12)

where s is the integration variable. Applying equation (A10) at the surface z → 0 leads to the desired
solution of Q.
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Appendix B: Algorithm for Numerical Integration of Equation (17)

The first two terms in equation (17) require calculating a singular integral in the form,

∫
t

0

g(s)ds√
t − s

.

Assume that the total integration domain [0, t] is divided into n intervals [ti, ti+1] for i = 1, ..., n. Over the ith
interval [ti, ti+1]

∫
ti+1

ti

g(s)ds√
t − s

≃ g̃i ∫
ti+1

ti

ds√
t − s

= −2g̃i ∫
ti+1

ti

d
√

t − s = 2g̃i
(√

t − ti −
√

t − ti+1

)

where g̃i represents the discretization of integrand g over [ti, ti+1]. The following approximation of g may
be used:

g̃i =
g(ti+1) − g(ti)

ti+1 − ti
,

when g is a derivative function, e.g., g = dTs∕ds, or

g̃i = 1
2
[g(ti+1) + g(ti)],

when g is an ordinary function.

The third term in equation (17) is a convolution integral with a weight function involving an exponential
function and a complementary error function. For large independent variables, the exponential function
becomes extremely large while the complementary error function very small. This behavior may cause over-
flow and/or underflow in computing. To avoid this difficulty in programming, the following approach is
recommended.

Rewrite exp (a2t)erfc(a
√

t) as

ea2terfc(a
√

t) = 1√
π ∫

∞

0

e−udu√
u + a2t

.

Over the ith interval [ti, ti+1], Qs may be approximated as (Qs(ti) + Qs(ti+1))∕2. Then

∫
ti+1

ti

exp

[
𝜅

𝜁2
i

(t − s)

]
erfc

(√
𝜅

𝜁i

√
t − s

)
Qs(s)ds ≃ 1

2
[Qs(ti) + Qs(ti+1)]∫

ti+1

ti

exp [a2(t − s)]erfc(a
√

t − s)ds

= 1
2
[Qs(ti) + Qs(ti+1)]

1√
π ∫

ti+1

ti

(
∫

∞

0

e−udu√
u + a2(t − s)

)
ds

= 1
2
[Qs(ti) + Qs(ti+1)]

1√
π ∫

∞

0
e−udu∫

ti+1

ti

ds√
u + a2(t − s)

= 1
2
[Qs(ti) + Qs(ti+1)]

2

a2
√
π ∫

∞

0
e−u

[√
u + a2(t − ti)

−
√

u + a2(t − ti+1)
]

du (B1)

where a2 = 𝜅∕𝜁2
i . The integral in equation (B1) can be accurately calculated using the Laguerre

integration formula:

∫
∞

0
e−x f (x) =

n∑
i=1

wif (xi)

where xi are the zeros of Laguerre polynomials of order n and wi the corresponding weight factors. Laguerre
polynomials of order 15 give satisfactory results.
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